The periodic quasigeostrophic equations are a coupled system of a second order elliptic equation for a streamfunction and first order hyperbolic equations for the relative potential vorticity and surface potential temperatures, on a three-dimensional domain which is periodic in both horizontal spatial co-ordinates. Such equations are used in both numerical and theoretical studies in meteorology and oceanography. In this paper Schauder estimates and a Schauder fixed point theorem are used to prove the existence and uniqueness of strong, that is classical, solutions of the periodic quasigeostrophic equations for a finite interval of time, which is inversely proportional to the sum of the norms of the initial vorticity and surface temperatures.
Introduction
The quasigeostrophic equations have been widely used in meteorology and oceanography, both for theoretical studies and for forecasting. The equations are quasilinear and the existence of strong solutions has not yet been established.
It is proved here that the periodic quasigeostrophic equations have strong solutions for a finite time which is inversely proportional to the initial gradients of vorticity and temperature. The periodic equations are defined in a rectangular box. The solutions are subject to rigid boundary conditions on the two horizontal sides, but are subject only to conditions of periodicity on opposite vertical sides. The periodic equations have been used for analytical studies of quasigeostrophic turbulence [4] and for numerical studies of quasigeostrophic mid-ocean circulation [3] .
The derivation of the quasigeostrophic equations has been comprehensively described elsewhere [8] and so need not be repeated here. The periodic quasigeostrophic equations are stated formally in §2 and various mathematical preliminaries are considered in §3. An existence theorem is stated and its proof outlined in §4, with the details of the proof being given in §5- §7. This proof uses Schauder estimates and a Schauder fixed point theorem. It is based on the proof used by Kato [6] in an existence theorem for the Euler equations of plane hydrodynamics. The uniqueness of solutions and their continuous dependence on initial data is proved in §8 using an energy method. A number of extensions, including topography, forcing and radiation boundary conditions are mentioned in
§9.
An interpretation of the existence theorem, with reference to approximation, predictability and equilibrium spectra, is reported elsewhere [2] . Dissipative effects will be considered in a later paper.
The periodic quasigeostrophic equations
The principal flow region of periodic quasigeostrophic motion, which is periodic in both horizontal directions, is considered here, after an appropriate co-ordinate transformation if necessary, to be an open rectangular box B = f l x ( 0 , fi) with the open unit square Q, = (0,1) x (0,1) as its horizontal cross-section. The horizontal co-ordinates are denoted by x and y, the vertical co-ordinate by z, and flx{z} by Cl z for each z < = [0, h]. The time variable t is assumed to belong to a finite interval [0, T], where T is initially unspecified, but is later taken equal to a specific value T*.
The static stability and density profiles of quasigeostrophic motion are denoted by a = a(z) and p = p{z), the streamfunction by di = ip(x, y, z, t), the relative potential vorticity by w = w(x, y, z, t) and the surface potential temperatures by 0 O -0 o (x, y, t) and 6 h = 0 h (x, y, t). The horizontal velocity is denoted by (u, v) and is related to the streamfunction di by ddi ddi u=~, v=^. (2.1) dy dx In addition, the initial vorticity is denoted by w 1 = ci) J (x, y, z), the initial temperatures by 6o = 0l(x,y) and 0h = 0£(x, y), and the northward gradient of the Coriolis parameter by the constant 0.
The periodic quasigeostrophic equations are a system of initial and boundary value problems for four coupled partial differential equations, which relate di, <o, 0 O and d h . For each fixed time t e [0, T] the streamfunction ip satisfies the mixed periodic-Neumann boundary value problem 
respectively, are used for these spaces, where the summation is over all k-th order spatial partial derivatives of </ >. An analogous definition holds for the spaces C k + x o (a z x[0, TJ) where z = 0 and z = h. All of the above spaces of doubly periodic functions are closed subspaces of the corresponding, more common spaces without the double periodicity restriction. Consequenly they inherit many of the well known properties of the larger spaces, such as completeness and imbedding properties. These are used in the sequel without further comment.
The static stability and density profiles a=a(z) and p = p(z) are assumed to be positive and in C 1+x ([0, h] ). Hence the partial differential operator
dz) is strictly elliptic on B, with its coefficients independent of the horizontal variables x and y, and hence trivially doubly periodic. In view of the double periodicity, the lateral boundaries of the principal flow region B are really only virtual boundaries, as their points can be treated as interior points of B after an appropriate horizontal translation, and so the effective boundary of B is just the horizontal surfaces Q, o and Cl h . Hence with minor modifications to Miranda's arguments [7] , and let
The convex subspace
and
where e > 0 is an arbitrary, but fixed number. The subset Finally the time T* is denned by Note that in the sequel a vector or matrix function belongs to a function space if each if its components belongs to that space, and the norm of such a vector or matrix function is the maximum of the corresponding norms of the components. Similarly the norm of a product space is the maximum of the norms of the component spaces.
Existence and uniqueness theorem
The main result of this paper is to establish the existence and uniqueness of a smooth solution to the periodic quasigeostrophic equations (2.2)-(2.11) for a specific, finite time interval. 
]). 3t
This theorem is proved by first using a generalization of the Schauder fixed point theorem to establish the existence of a solution, and then using an energy method to show that this is the only solution. The proof of existence is outlined below, with the details presented in the following sections. It begins with an arbitrary choice of (<o, d 0 , e h )€M(T) (4.1)
for some finite, but unspecified T > 0 . With these functions (4.1) the mixed periodic-Neumann boundary value problem (2.2)-(2.5) is solved for each 0S= tT to obtain a unique streamfunction ip which satisfieŝ
and the bound
3)
The horizontal components u = -dij/jdy, v = dt/f/dx of velocity are then obtained from i| f. These satisfy
and the bounds K3(l + e). (4.5)
They are then used to form a two-dimensional system of ordinary differential equations^
where z appears as a parameter, which has the unique solution
satisfying the final time conditions
for any (x, y, Z)GB and O S r g t g T . This solution (4.7) represents the quasigeostrophic path of a fluid particle which is at (x, y, z) at time T = r. When T = 0 this particle path X H = (X u X 2 ) satisfies
(B x[0, T]) (4.9) dt and the equations The details for the above proof are given in §5- §8. The streamfunction i> and the horizontal velocity components u, v are considered in §5, and the vorticity iterate w' and temperature iterates 0 O > 0h in §6. The mapping 3~ and the application of the fixed point theorem are considered in §7, and the proof of uniqueness is given in §8.
The streamf unction, velocity and particle paths
For any (w, 0 O , 6 h )eM(T) and each O S t S T the mixed periodic-Neumann boundary value problem (2.2)-(2.5) has a unique solution if/eC 2+K (B) which satisfies the Schauder estimate (3.7), where the constant K 2 is independent of ( and T. From this and the linearity of the boundary value problem it follows that (r')-0(t")l| 1+ x} (5.1) for any OSt', f"S=T. As (w, 0 O , 6 h )eM{T), the streamfunction i// is thus uniformly continuous in 0 2= ( g T in the C 2+x (B) norm. Also, taking suprema over 0 ^= t ^ T in the Schauder estimate (3.7) gives The particle paths X x , X 2 are denned as the solutions of the final value problem (4.6) and (4.8). In view of the double periodicity and (5.6), the system of ordinary differential equations (4.6) are, except for the parameter z, similar to those in the classical example of a system of ordinary differential equations on a torus, e.g. Hartman [5, p. 195] . Hence there exists a unique solution (5.12) at at Since the arguments used to derive the bounds (4.12)-(4.16) for the horizontal particle paths are standard, only their salient aspects are given here. The bound (4.12) follows directly from the ordinary differential equations (4.6) and the bounds (5.7). To establish the bounds (4.13) and (4.14) it is convient to write the two-dimensional system or ordinary differential equations (4.6) with parameter z as the three-dimensional system^ = U(X,T) (5.13) where X = (X x , X 2 , z) and u = (u, v, 0). Applying the three-dimensional gradient V to (5.13) then gives -f {VX} = Vu(X,r)VX, (5.14)
where VX satisfies for all 0^T^f gT. This is then integrated over 0 S T S ( and suprema taken over O^t^T to yield the bound (4.14). The proof that the particle paths X U X 2 at T = 0 satisfy equations (4.10) and 
VX(x,t,t) = I,

The vorticity and temperature iterates
The vorticity iterate o>' defined by (4.17) is the unique solution of the linear initial value problem (2.6) and (2.7), where the coefficients u and v are given by (5.5) . This follows directly from w 1 e C\B) and the particle paths X 1; X 2 at T = 0 satisfying (4.10), (4.11) and (5.10). It also follows from these and (5. 
from which, after some manipulation, it follows that X H ] X , 0 (6.11) and hence, using the bounds (4.13) and (4.14), that
In a similar way it follows that l | l^l | l [^l (6.13)
and so, by using bounds (4.13), (4.14) and (4.15), that
Combining bounds (6.7), (6.8) and (6.12) gives the bound (4.25). Also (3.9) and the bounds (6.9) and (6.14) give the bound (4.26). Moreover, the bounds (6.12) and (6.14) show that (6.6) is valid.
Proof of existence
It follows from the bounds (4.21), Consequently the mapping 5T given by (4.32) is a well defined mapping from
M(T*) into its subset %(T*).
From definitions (3.12)-(3.19) it is clear that 3if(T*) is a non-empty, closed and bounded subset of each of the product spaces
The space-time domains here are bounded and convex sets, so the intersection of the product spaces (7.3) and (7.4) is compactly imbedded [1, Theorem 1.31] in the product space
for any v with 0 < v < \ . Hence 3fC(T*) is a non-empty, compact subset of the product space (7.5) for any v with 0<v<k. Let 0 < v < A be fixed. To prove continuity of the mapping ?) in the norm of the product space (7.5), let (co n ,8 0 , n ,0 Kn )-+(6>J 0 ,6 h ) (7.6) in M(T*) in the norm of the product space (7.5) and let n, 0 O ,A,n) (7-7)
for n = 1,2,3,... and
By [1, inequality (9), p. 12] a C k+V norm can be estimated by the product of the C k and C k+K norms when 0 < v < A . Hence to prove the convergence in a C k+v norm of a sequence belonging to a set which is bounded in the C k+A norm, it suffices to prove that the sequence converges in the C k norm. Here the sequence (7.7) and the proposed limit (7.8) belong to jf((T*) which is bounded in the norm of the product space (7.4). Consequently the convergence «,e&. B ,eU-*(«'. «o, eo (7.9)
in the norm of the product space (7.5) will follow from that in the norm of the product space The convergence (7.9) then follows from the convergence (7.14) and the bounds (7.15), (7.16 ) and (7.17) . Consequently the mapping 3~ is continuous in the norm of the product space (7.5) .
Hence by Schauder's second fixed point theorem [9, Theorem 4.1.1] there exists a fixed point (7.18) of the mapping T. Let i| >* be the corresponding streamfunction. Then it is obvious from the construction of the mapping ST and from the definition of 3if(T*) that (i/r*, (o*, 6*, 0*) is a solution of the periodic quasigeostrophic equations (2.2)-(2.11) for O S t S T * and satisfies the properties (i)-(iv) of the theorem.
Proof of uniqueness
The uniqueness of solutions of the periodic quasigeostrophic equations (2.2)-(2.11) is proved by demonstrating that the energy of the difference of two solutions is identically zero. This demonstration uses an evolution equation involving the streamfunction , and so must be interpreted in the weak sense, i.e. as in [6] . Integration by parts is used in what follows to replace these derivatives by lower order derivatives.
Let («£ (1) , &> (1) , d^, 0'h") and (t|/ 2) , « (2) 
) be any two solutions of the periodic quasigeostrophic equations, with ¥ = «/f (1) -(/r <2) , W= w (1) -w (2) , 0 = 6 m -0 <2) , and U H = (U, V) = (u ( 1 ) -u (2) , v m -v (2) from which it follows that i/> <2) = t|> (1) and consequently flo^flo 0 and 0h 2) = 0
; that is, the two solutions are identical. This proves the uniqueness of solutions of the periodic quasigeostrophic equations (2.2)-(2.11), and completes the proof of the theorem.
Inequality (8.15) also implies the continuous dependence of the streamfunction i/f upon initial data, in the norm of the Sobolev space W 1 -2 (B). Finally, we note that equation (8.11) may be derived somewhat more simply from the original quasigeostrophic momentum equations, from which equations (2.1)-(2.11) were themselves derived (see [8] ). The above direct derivation of (8.11) from (2.1)-(2.11) has been included here for completeness.
Extensions
A number of extensions to the main theorem in §4 can be proved by straightforward applications of the methods in §4- §7. These extensions include smoother data, sources and sinks, surface topography and radiation boundary conditions. These are stated below without proof.
Smoother data
If the static stability and density profiles and the initial data are all increased in differentiability by the same degree, then so is the solution. Specifically, let j be a positive integer and suppose that 
